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Point and Interval Estimation, From One-Order
Statistic, of the Location Parameter of an Extreme-
Value Distribution with Known Scale Parameter

and of the Scale Parameter of a Weibull
Distribut;on with Known Shape Parameter

AImv4EIIT u. MOORE AND 11. LEON HARTEIR

Abslract-rhis paper derives a one-order statistic estimat6r could he used to obtainn a one-order stat iptie estimator foru.. 1, for the location parameter of the (first) extreme-value die- the scale parameter of Weibull populations with knowntribution of smallest values with cumulative distribution function enofteihorrF('u,, I - *elp I -exP[(.r-u)/bjl using the minimum-variance shape param~eter. By use of the coeffi ci n oft e rt.r e

unbiased one-order statistic estimator for the scale parameter of an statistic, computed for estimation of the scale parameter ofexponential distribution, as was done in an earlier paper for the scale the exponential distribution, it is shown in Section II thatparameter of a Weibull distribution. It Is shown that exact confi- a consistent one-ordpr statistic estimator for the scaledence bounds, based on one-order sta:istic, can be easily derived I)arameter of the extreme-vale distribution with known
for the location parameter of the extreme-value distribution and for parameter of te dsit ion wit h kno wn
the scale parameter of the Weibull distribution. using exact confi- s-ale rameter can be obtained. The values of k are
dence bounds for the scale parameter of the exponential distribution. given in Tadile I, along with the relative efficiencies of theThe estimator for tils shown to be h In r.. + r... where x.. ia the one-order statistic estimators of the scale parameter ar.h order statistic from an ordered sample of size. n from the extreme of an exponential distribution as comlared with the un--value distribution with scale parameter b and r.. is the coefficient biamsed n-order statistic estimators, for n - 21(1)40,for a one-order statistic eslimator of the scale parameter of nin - (1 ()n, and k - rnin(m,r), where the rth order statistic
exponential distribution. Values of the factor e,,., which have pre-o
viously been tabulated for n - 1(1 20, are given for a - 21(1)40. 15 optimal for the complete sample. In Sections 111 and IVThe ratios of the mean-square-errors of the maximum-likelihood it is shown that exact confidence bounds, based on one-estlintors based on ni order statistics to those of the one-order order statistic, can he derived for the location parameter of
statistic estimators for the location parameter of the extreme-value the extreme-value distribution and the scale parameter ofdistribution and the scale parameter of the Weibull distribution are the Weibull diribution using the coefficients of the exact
investigated by Monte Carlo methods. The use of the table andrelated tobles is discussed and illustrated by numerical examples. confIidence bounds, found by Harter [4J, for the scale

parameter of an exponcntial distribution. In Section V a
Monte Carlo comparison of the relative merits of the one-

1. INTRItODUCTION orldr statistic estimators and the maximum-likelihood
NN A PR1EVIOUS PAPER, Harter and Moore [1] have estimators is given. In Section VI, the use of Table I and
derived a niaxinium-likelihood and an unbiased estmnator related tables is dibcutased and illustrated by numerical

f(lb and A1!b of the location parameter of the extreme-value examples-
distribution with known scale parameter, based on the II. MATHEMATICAL FORMUuoIiON
first ,, out of n ordered observations. However. in many
pra,'-l! appllications an inefficient estimator may be If Y has an exponential distribution with scale paramn-
chosen for its inherent simplicity. Harter 121 found the eter s and location parameter zero, then X - b In Y has
mninimum-variance ihituled one-order statistic estimator the (first) extreme-value distribution with u - b In u as
for the sclde parameter a of the exponential distribution, location parameter and b am scale parameter. A one-orderSfront a sample of size n. NI~xre and Harter [31 tabulatedi statistic estimator for the smale parameter of the ex-

the coefficient c., of the minimum-variance unbiased one- ponential distribution is given by
order statistic estimator for the scale parameter of the a - (1)
exponential distribution from a censored %ample of size mn

from a life test of n items In - 1(1)201 and showed how it where

Manuticrip received March 16 1166. - I/[ i/(n - i + 1) (2)
The authorm are with the Air Force Institute of TechnologLy and and y.. is the nrth order statistic fiom an ordered sampleAeroimpae Research Laboratoriem, Wright-l'attermon Air Force Barm..Ohio,. of size n from the exponential distribution. Therefore, an

Preceding Page Blank
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|942i MI(,4IPR.V. IND IIt MIMI POINT . ( ND ITNTRV.k, tATIMATION OF IA)CATION PAPAMMSTgR 1

TA1LVE I

CoEFI* i,.%i, or* )pTIMt I WKTuI OI)1De•I '4ATIITIIC IN IJNBIAItP FAMIMATUR, BASEID ON ONE OaI.nk STTIA4TlIC, Or

2IE?$*.Mk;at IV X)%E-I'ARAUfrIt FXPONt)NTIAb PAIPU'L.AI1ON, (.lIVEN FIRST M-OItDEH i•TATISTI(CS b) orAMPLIr or $uzm N,

AND tT% EFFICIrNCY HICILTIVE WI IBEST %f-n•iDEc4-TATIATIC EsTIMAr"m

S .21 r'+K, .\' FFF. S K .it V'K, N) EFF.

22I 2 21,.InK)M 21011AW) 24 W 111 1. 90690 97.77
21 " 2 I0.24:12W) IVR.94 24 11 21 1. 0783h 97.12

I2 3 0.65555 M9A9. 24 12 12 1.48644 936.34
21 4 4 4. K5824 022. 07 24 13: 13 2.32261 115.41
"21 " 5 3 S 77887 W8.44 24 14 14 1. 18065 94.27

22 1 It 3.1 -41.1 Wil. 14 24 15 151 t..05598 92. II

221 7 2.9S ,8.75 24 10 16 0. 94t81V 91.23

21 2.14950 ON. 25 24 17 17 0. 84524 89. IN
2I 9 ol 1.84451 97.62 24 Is 18 0.75417 &6.64

2 .25177 96. 84 24 19 19 0.669596 83.4.

2I 2 I I 1.3958risl 95. 1 24 20 20 4.1•5908 79.36
21 i2 12 .224'.94) 94. 6I8 24 20 21 0..,~80 75.58
21 13 13 1.07M27 93. 11) 24 20 22 0t.50080 72.14
21 14 14 0.95012 11-1 :1 24 20 23 0.59.X.l 69.01
21 05 15 KI.836.57 98.99 24 20 24 0. FANW) 66.213
21 1t 1; 0. 73420 96,00 25 1 I 25.0 ONO) 00- I0I I
21 17 17 0.64019 82.110 25 2 2 12.24490 99.2)6
"21 17 IS 0.64019 77.54 2.5 3 3 7. 99074 99.m88
21 127 11. 0.64019 73.46 25 4 4 5.86168 99.77

21 17 20 0.64029 69.78 25 1 4.582.56 99,62

21 17 22 0.64019 60.46 25 0 6 3.72830 49.42

12 2 I 22.4888W) I28. 0 1 25 7 7 3. 11672 99. 16
4 2.5 8 8 2. 65671 98,.5

3 ;4 6.9894 99.8.5 25 9 9 2.29764 99,46
.14 4 5.1W07:4 1 .70 25 10 10 2.00912 97.98

3,9 5 , :,.7903 (0.m50 25 11 21 1.77 1i 97.41

22 IS 6 3.22493 99. 23 25 12 12 1.57*276 9)6. 73

22 7 7 2.6KI96 98. 89 25 13 13 1.403M2 95.90)

22 .14 2.276M6) 98.44 25 14 14 1.25615 94.92

2.t2 9 2 1.95818 117.89 25 15 15 1.12741 93,74

22 111 1. 70123 217.21 25 16 16 1.01318 92.31
,2 1 I 1.49046 96.37 25 17 17 0.91066 90,.59

".,2 2 12 1,31260 95.34 25 18 Is 0.81759 . 88".41

22 13 13 1. M630 94.09 25 19 19 0.73209 85.89
22 14 14 I.102780 22.%53 25 20 20 0. 6W248 P2. 14
1 125 1. 0.91078 9().61 25 20 21 0. 65249 78.71

122 26 16 0. 8592 88.19 25 20 22 0.65248 75.13

22 17 17 0.71049 85.13 25 20 '23 0.65248 71.86

,22 IS 19 f. f2 1.2209 81.16 25 20 24 0.65248 8.87
22 28 19 0.622"29 76.89 25 20 25 0.65248 66.12

22 Is 20 0.6&221,) 73.04 26 1 1 26.00000 100.00
2 14 21 0.62*209 69."6 26 2 2 12.74510 99.96

22 Is 22 (). 6-209 66.-. ) 26 3 3 ..32444 99.80

23 I 1 21. (81m0 10t0.0W 26 4 4 6.11223 99.79

23 2 2 11.24444 99.95 26 5 5 4.7329 99). 671,

23 :1 :3 7.32323 99.86 26 6 6 3.89.590 99.47

2:1 4 4 5.36044 99.73 26 7 7 3.26M73 99. 24

25 5 5 4.18089 99.54 26 A 8 2.79310 4M. 95

231 6 6 3.39283 903.30 26 9 9 2.41041 98. 6(2
23 7 7 2.82835 98.99 26 10 10 2.11108 99.17

m23 8 2.40349 98.50 26 11 21 1.86501 97.66
23 9 9 2.071M5 98. 11 26 12 12 1.65877 97.05
2. 10 10 1.80454 97..52 26 13 13 1.48305 96,32
23 1 1 1.W584.58 96.78 26 14 14 1.33119 95.46

23 12 12 1.39975 95.89 26 15 15 1.19826 94.43

23 13 13 1.24174 94.81 26 16 16 2.08055 93.20

23 14 14 1. 104M 93.49 26 17 17 0.97518 91.73

23 15 15 0.9,W3&3 91.88 26 18 I 0.8798.5 89.95

231 16 16 0.87009 89.89 26 19 19 0,79267 87.80

23 17 17 0,77864 87.41 26 20 20 0.71204 85.15

23 18 is o. 6g020 84.29 26 21 21 0.636.50 81.86
23 19 19 0) 6(1571 90.24 26 21 22 0. 636`50 78.14

-3 19 21) 1).60 371 76.23 26 21 23 0.636.50 74.74
23 19 21 0. 6(571 72.60 26 21 24 O.63650 71. 62

t 2o 22 n.. 61571 69.30 26 21 2.5 0, 63650 68.76

23 19 23 0.60571 66.29 26 21 26 .I63650 66.11
24 1 2 24.0000) 100.00 27 1 1 27.00000 100.00
24 2 2 11.74468 99.95 27 2 2 13.24528 99.96

24 3 3 7.65700 99.87 27 3 3 8 65812 99.90

24 4 4 5.611(09 M.2.7 27 4 4 6.36273 99.81

24 5 5 4.3,177 99..58 27 5 .5 4.98396 99.68

24 6 6 3..5W62 99.36 27 6 6 4.06342 99.51

24 7 7 2.97260 99. (is 27 7 7 3.4(464 99.30

24 % A 2.5.301 98.73 27 .A 2.90937 919.04

24 9 to 2- 1070 98.30 27 1) 9 2.523M 98.72
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27 IN is !1,4119 W43 I1 .-, 3 11 1 2 235444 9h .36
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27 20t 21) 4 1 770116 S17 1:1 M 13 1 3 1 N K0I 3 147 49
'7 21 21 1 1W14.174 .4 A4 3? 31 14 1. 6-2; 4s 464 93

271 22 2') 46234D4 -it II 31? 1 I 477643 96.29
27 22 23 0 62"44 7 7.6 311 16 16 345.3 9.5 ,4
27 22 24 1) 621 S4 74 313 341 17 17 1.22721 ,A4.67
V7 22 25 41 4 tl 1 M 71 .6 :14) I Is 1 12136 9143..w
27 2 26 414121114 6h 61 31 1W IF, I (r2;):3 V42.47
r,2 27 (I.62 81-4 631. 1o7 301 244 20 0 .- 1 W407 91A.04(
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28 3 S. .99177 i'.141 304 23 23 o 71320 85. 18
21 4 4 0. 61319 99.112 3.4 24 24 w 6472. 82.36
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2 7 7 3-54046 90) 35 :34) 24 2-7 o.614725 73.21

N S 3. 1 •5'L53 99W 12 30 24 21x 4. 64725 70.59
2S it 9 " 2 635U 9. W1 311 24 2w.4 1). 64725 G1K. 16
21 W t 4 ' 1344,% 9K. 4S 30 24 30 1).64725 4&i. 49
'211 11 2 (IlC,14 911 06 Mi1 1 31 .144101(m) 100444)

3N 12 12 I 'M113442 r1 31 2 2 i5. 245.) 99W97
28 13 13 I 34219 96 9•4 31 3 3 9. 99259 99.93

2N 14 14 1.4A1015 9 31 M1 4 4 7 M"4 94 1 16
2N ! 1 3 •513t12 LI W, M 31 5 .5 5.7,8611 99.74 6
2K 1 6 16 21 ,I, 44 56 3M 43 6 4.7T,,,() 90. 64

1-1 ,7 37 1 lH2IS 9M.45 31 7 7 3.979A W.4. 49
2S 1s IN 1 MINlIl W. 1:4 31 x x 3 41351 53)1.34
S11 1 9 I04 4.9116h I JO 57 31 9 9 '2 '97237 99. or
2S1 244 21D 0 1!.42 1.171 31 1l4 3l) 2. 6451-i1 98.811
2s; 23 21 0 74945 464" 31 !I I1 2 :12,26 91.49

2S1 2*2 2P2 0467M41 S3. 73 31 12 12 2.441W.41% M1. 12
29 23 2:) & 14.43 1141 34 31 13 1 3 I7,9121 97.6934
SM23 24 4) JAI433 76199 31 14 14 1. 701)7 4,719
21 2 25 0 64i43i 731.9 31 15 15 1. 544175 96.61
2S 23 241 4) 6**1 7$1 .( 31 113 16 1.41041 05.93
2,S 23 27 0.0414•43 6O 44 . 31 17 17 I 289q39 95.. 16
2S4 23 211 44141443 65 99 33 1 Is N 1.111441 94. 25
29 1 3 2) 444d4l) 101 (m)i i31 19 19 1. 1162*21 93.21
L2 2 14 24541 99.97 :131 UN) 20 4.W.9l2.t 91.99
29 3 3 S) 32539 94.91 1 21 21 0 .91152 90. 45
49 4 4 6. 1116 149 1.03 31 z2 !t2 4)1K3453 14 S19
29 5 . 5. 39516 99.72 31 2:1 23 , 76372 M6. 913
29 6 6 4.39827 99.5 A13 24 24 44411711 1i.455
29 7 7 3.6221 99.40 31 25 24 41 434442 1U 1.74
219 S1 3, "1.616141 99.18 31 25 26 4) M140:2 78.55
29 9 9 2. 747144 911. 92 31 25 27 4) C44342 75.65
29 Ill If) 2.41596 981.•60 31 25 'J 0.614102 72.94

129 I ! 1 2.14341 98. 22 31 25 29 0. 4t4344V 70.43
29 12 12 .,91534 7 71, 31 25 :14) 4)4 642 634 ISSA
29 13 13 I 721341 97.25 :31 2. 33 44 6)444 2 65. 811
21 14 14 1.5-r14h 966•4 .312 1 : 32 4(XNN I i4m).) 0
24 I.) 15 1 404127 95.3l 32 2 2 15 7464141 (91.97
29 16 16 I. 279M! 954Q4 :192 31 3 10 32616 99.93
29 17 17 1. 31644)( 4. 11 32 4 4 7 41471 191jS17
29 Is 311% 1.0611,2 M2.46 32 5 11 ,)3 4ti. 919478
29 49 19 44 91635 91.61 32 6 6 4.1)(11115 991.66
29 2) 20) 4). W2W 9110. M 32 7 7 4 123414 9952
29 21 21 0. 1, 1399 11.1.3(4 32 S1 S1 3 51KI6 90.35&
29 22 V2 0. 7:3(r7 M.81 :2 I 9 3 M4A1 99.14
29 23 213 41.661%1 43.44 1X2 14) 10 2 71974 98.49
29 24 24 0.,9,3 79.61 112 1 1I 2.4205 1 11W-64

29 24 25 0 ;51413 76.42 32 12 12 2.17(4i3 98. 26
29 24 24 I 4, 5954 73 4A 32 13 13 1 .957,111 97 187
29 24 27 49511.i3 70,76 :2 14 14 1 77498 97.41
29 24 211 44• 5(4.3 68.24 32 15 15 1 61566 96.9419
29 24 29 0.W59583 65.118 32 16 16 1. 47544 962
30 1 1 300004)44 10.W 00 .32 17 17 1. 3507 9,5,58
30 2 2 14 74576 99.97 32 18 I8 s 1. 92 94.77
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32 2 2 . . 9 l 71, 7S I 51:, 5 5i 0 V47m16 9 142S 26 2s . 11 G.3174) 7,75 26 6s1 6 51 .40 Riii 723S L 29 3. 72 66 35 7 7 4 I 99. fit32 2% 34) 3.1162127 2. Xi s 35 19 1 C3514i)I 33 47,32 26 3131W 7i 217 67 914 W-1 it !1 .42 !$423" 26 32 43 62171; 65 .. N. 141 9, 3fl?78 W,4 W(:1.o I 2.1.1 '-KINN3 If I. 2 41 .72 94 .47331 2 2 16 2.4135 w .0 15 12 12 2 424:14. 9s3 61133 3 3 10) 6514172 90 93 5 13 13 2" 1I.L14 9"2 3033 4 I4 7.,s83Y7 33R3 1.7 45 14 14 1 t.4i(4:4 97.4-4X33 15 . 811,4 07.13 305 M5 15 1 W2131) 97 .5433 6 6 5.6X7:36 W.69 .~ 36 36 10693M3 97. (6
3d 7 1 4. 126W ip1 9.5 35 17 17 3.X3,I53 961.05513 14 1 I 3. M)15 M10 39. 35 31 3Is 1 43.397 95 95M1 31 .19 13. 2 POW3.20 3'15 19 19 3 1 l33 10 .0 2. s2014 9~4147 35 11) im 1. 2061?2 94.49133 .1 1 2.3521 * 98.174 35 2 231 1 11746 7M.6033 12 12 2It.tt.- 91.4S (11 .15 !2'2 22 1 3KL.9 9 D5'13 13 13 2.41342 US4 M1 M. ti 2) 43135142 91 4333t 14 14 1 . 1412 97.6 1 24 24 11.4M7311 M. 04133 25 1 5 i r-M4:px 97.7613 15 25 2.5 0. 42 114 M 75433 16 1t; I ..,4A2a 963..3 3.5 23 26 4). 751 m 7533 17 17 1.4 12 i'29 W9 54 35 27" 27 4) 6to43 3*-6433 18 Is I !M#774 V5 22 35 21, 23 11). (4353 KP2,1633 K1 19 1.,1941 94.439 3A 28 49 0,61.53 79.3233 2) 230 1 614312 Mi .42 :N5 30 64 353 76_ Gs33 21 231 1.01462 W2.31 2N 31 0. 64353 74.2133 22 tkW,2 9. M 3t 2S 32 0 6.435. 71.si33 3 i 34.1 X93 1.54 3r) 24 M 0. 3364X)3 69 71M3 24 24 1).746 X47 V, M 1 34 34 !).6433 699.6633 Z 2 I5 )3.743 .15 .7 6 35 21 35 Icjj&:1 65.72M1 26 26 1). 634314414 3i3.36 1 316 43333I 3111),00
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TABLE I (,.,tj

A' .X i'tO , A EFF. N K f'K, .S) FF.'17 3 3 119. ¶4* .79 4 4 9.66 89
:37 4 4 ..... .. 

Jew,:37 5 6.98,.4 9.84 .39 6 a 6 059W9 99 7m
37 0 6 5.7-14W,4 99.75 39 7 7 5,12W.5 99.69
37 7 7 4844)31* 9..5 39 K 
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41tinikalor fair I is given bI But it a t In lt: thwraefuir,, h% ilt>itittioti. we ohi•tdal the

d 1 Ill h fotlll Ii lg

b hi ") I, I, 111 + X 149 < b 1i 1)D. + t..r (i)

to Ill C- +b In y.. lhit'li gi'l .$ all Vi I eellt r:il c'oiufideivle ijt hihval wit lii he

,Iklte lvel off vi inilidt-Inii given a by the I tnlhihul atl u valis of

2111d sill'e x = h iil h %moe obtili Bt. yri = Dk atld Bi., Y. = Dt'l. Tlhrefore we have a
siille me4 o f Iii ii ont a imii piiig exact ventrlrd cid i if lie

li U_ b In r'. + X.. (3) intuni-s or up1miwr ,vil!wer 4A,44t illivt lo-likilt. ia'r t-h-

where r.. is given 1byv I7) anld x. is ilie. •-th ir -r .a it•sli hIoat ion par:riiit-ter of thlie ext renme-value (listtribut ioli, with

frtii all ordered I-;iaitiplid a
1 

size •froiimi tlh extrei ie-valahl sa ale' paratiiet er b, h.aso- 1•ni i•naaordfIr statistic.

distribution. Now m is a -inistlent est iimatotr of the tlva-
tioli piel'tier u 4)f thl, extrnimt-value distribution, sineo INV. lxkwt (-Nr iCo Nc t l [otm.s FORl TiHE S•ALE

u - b In u arlid a is ieolai.isterit estimatoir for tile .i'ale PI'A(A.IMETEII OF THE Wi"H it.Lt\II. I)ISTRI il-TIOX WITII KNXoW%

jpariruin'ter a of tile e(xtlinliial l;ijsulatioi. SHiAI'E IPAIIAMETEtI

Similarly, as wai sholi i iin ani earlier paper 13 I, if Y If the ranidoli variable 7' has a W'ibull distribution wilti
hat; an mlpotieitial distribution with sc'ale parameter U shape paramxneter K then it is ealsily Shown that - T'
then T = P " has it Weibull distribution with s|iaI has anl expionenti al ilistrilbutitli with a = - l;•. In iln-

piaramneter K, ,.i-ale ptarametier 0 = a' ", atnd equality (5) repla ye.. by I..", the Kth olwer of the ruth

SKt.. (4) order statistic from a Weibull distributihn with shape
paraentet4r K, :kild we obtain

is a •onsistent es.titnator for 0 and I,. is the inth order
statistic from a Weibull alistrihuti oi with shape pararmieter
K. 'rake the Kth root of each member of (7) aiid obtain

The c otefliivilt r.. himm i•eli tabulated for n = 2( )20 1), K . < or I < 1). A'g (8)
by Moore tilld Hlarter [131. The v'tihe.s of the coefficient are
given for t = 2111)410 in Tahlah !, ill whi'h it is called c4., Ihuit 0 =,i K anld thei('efore

where k = miii il ', r) the kl 4l lrder •t at ist ir being opt imall
for estimiationi froan the l irstm oillerr statistics of a sample 1)1,i Kj1 , < 0 < 1._i Il.. (9)
of size ti lti[ the rilh ordetr statiistic being olltimal for

estiiiniitikii from tilme complete sa.illl'. gives ail exact cenitral cotiiideiwie interval for thile scale
parameter of Weibull distrihuuions with kniowni shape

Ill. EXAC'T ('INFuD'E• E BlkIINt Foil Tile LU-ATION parameter K.
PAIL.METER iF TiEl EXTItEMI•E-VALUE D)ISTRIBUTION

V,. MlO,~lm ('.ARLO STUDY OF |RATils .i Nl,.IEAN-,'QU.'.F.Rl-

Ha-ier [41 has olitaiiitte ex:a't uppear and lower tbounmidls Elutoios
anid central 4fliliderii e intervals for the sc'ale parameter of ht s.xinetd rea.Liuiaible to the authors to .onjec-ture that
the oli•-parnawuiiiier extpolientiliul -iltrihtutiili for a widel r

ilhe rat ios of thle Ieatt-5luare-errors of th( g-order-raige (if runliildenii P levIs ba•Sle on the itith order statisth. .st atistic eslinhator andl of the one-order .tatistic estimator
y.. of a -am pllit. of 'iz t it. oth , oeli• • i ti( st BR.. Y.. have f hcaf'
been tabulated for it = 1(1 )20(2)40 fair all m optimal. Let. ,for bothi the Shapale lparranettr of a two-para eter \eiullus~ int thlu I tie lioll oi di-istriliut 14)1 with kiiOuni shapet tparametie r tiuid the Ih)Citlioii

uliaraniet('r oif in exirime-value distribiution with known

111. = RI.. IP. Anti i... D .. ._ sa•ihe parmiti.ter ar1- vlose'y approximated by the relative
efhiienyi i of tihle one-order staiist i- estimator( of thle scale

Noiw tlte exact litlidelilP. iterval based oini iorii-rlurder parameiitelr of aill Ollla-pj'araiulelr explioential distribtition as

italistic is givenl b" rimiimiirea wit i te 1it order statistic estimiator, whichi has
<t Den talihlitedl Iy .i•oore and Harter [31 forit = 1(1)20

lDr..,J'.. <,.,t5 1 ili l "Tahle I of ithe lireseit paper for n = 21(1)40. (it

let X = b In Y andul we obtaintsh oliduhl be ti•ti• that (lik i may sxiak of relative efi<cieney
in the i'aS- of tihe ('elNlicit il distribution, siniee the esti-
Diitonl ant litlo)iaMlsl. hbut oy of rattims of niean-squart-

where r.. is the fifth oidier statistic ill a s•aple of size it errors in the c.-ases of liti' Weibull aind extremne-value
from the extr•rl'li_,-viell, diarilbution. Now take the natural distribut ioiis, for which the estimators are biased.) Iit order

kligarithm of the tenlas of the inequality, multiply Iby i to iheek the validity of ;he mnii-ture, it Monte Carlo

anid we obtaint study of the ratios ot iliez-sqiiu-tre-emrirs was performed.
(hipe tIho.,qutd randonm samples each of size n In - 1(1)401

b hi L +1. - x... <b in s < b hi uJl.i z ea- trout it on-libaranieter exptmnent-ial distribution wit-h scale

4-~



)ariunt'hr I w4,rd' gKvnv'r:itiil inl lh. ll- I.Al 70K01 ,omnnjitter. :L1 r5 X' 52 14rU 114 1.12
"Tl'n %l'%eru' lrisfrnlt,in inlto s3 ininli',ý fruiom a 2-p•-trllnii'-er Ill A14 N.•5 S. : itii ii1; 14;4
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Wenihutll risrihbltion with sliitc' pa:lraImIete.r 2•wl rlnd i- all T t t 107 124 I.4
i'xtre'lle-vilivii'e tlistriblu it lol i ?wailh .-4-lit iir:Uiin't r I, "rilini 3:2 ,5 64 is. 9r2 139 1.Ii5
eaa'hl saintplh. the 4ilt,-,irdeIr slntislis-c (vloiilla' wi ill( tIn
(ird~e'r staltistic' cstinilatn'h, I ns• oil I1114 hinr.. nor t-.r sitlli- $t:-p lo| that thi h''xrimnr'iih 'r kitiws that ti este' lint a havk-

[P.sIn I (i)n[ f, ifhi ,a.' riil iiel'hr ofii (.Ixj Inc cx q ini:ji v'oilt| friroli a IiWo-pai nit .t r We'ihull distrirutioni with

all , I teiloulI dist nihi ii. nis ain d of t hwati4 n par':ni nr sli:tllh n:trainni't ir K 2,20, ani that tIn w •ishe toi finif a

tht' i'xtri-'nii-vaitic' distlribnmi tio were cinillnlti'il, 1"'ir 4.'t'.1 lsiinit if.?tiullte mill SO4) peur'.'t lower aln! upper c tinfiid'-e'e

distlrihutioin andI for 4,.i ih v poi•i•ll*ot f li m i .itt, lidilt nln i. lie. 4.|:ale a:Lraiiii.t er 0. Ilarter wil M Ioore [i5

ratio of the lnlitll-a;-,lj:re-d'rrmir of Itl ?, n hordr .tat-it i i:e.,-I'i pr'vliton,1 4,ltit01- lihi for .estiniati's taseI moin tne first

e-tiniat,'s tin th:. of" 11h1' ,,lin'-uridrti- ..ltli,~.slt{. l w ti ordet'r staliSt i 's I t = 8(8).tJ. 4 Iroui T.Able' I of ihe'

4'alvdulat(dI. Exei 0. for fluctuaitiillo ha s i i l.iiii to uiallt - prttr! t a;ii alr aniii fri-tn Table I of liarti'r 141, oine finds

plng. the matio (if ni4t-sqanza-eroi-ms nm It I c.. 4 the that. for a niv-iarani-tri-ii-t' #1 tr;hutiloni. The

x poolialnlt itiiiribtion h•thiild agree with the li 'ated dptil Ol lintn-4im r statli.,ti t for ibl~wilinig a plitit epttinialor

relative effichienvis.•, adiiI it was fiondiii tltat tlie agreeni'nit mitd I ihe M4) per•er-nt lo-wer :and iuptx-r cotfiiitencei' hounlds on

wa. (lUitie goo•i. hIorciiver, it ":ws founid that the ratios of tle( siullh p)aramieter is 32, with i'dH'lic.ienis 0.t6-074,
niean-,-lltiaresnrrorS i in il(ii 'ii..' of tihe Wn'itiull ali (x- e_ 0.;"1447, andi41 0.7M1717, rn.sis-tively. Su!lstiltuling themt

treme-valui distributilon. agreed with Ilic, tala)iihttedl ai•iji-s itn t14 iiam. (11), dlit' finds Ihat1 i thie est eN ilinatie olf

relatlive effi.hnic,4 niieilmst as well zi.a did those; for tie t hi, sc':iie maraintd.hr of the Weihull li.•trilul ion frin which

ex~•lnentiial distnihint ion, thins notifirtiinK the C.onijecture. the alitive tluniplh' c'lnili' is N1t).44)(4 4(116) = 92.9. lhe ')
UI EWrc,.it lower 'i'lltii'l' Ioilioiud is V/R...5#34471( 16) = 86.3

. .RICAN IXnLUrEad the 8()0 I ner•, t upitper .itifinli ' liouo l is v"0.71c8717
(1It6) = 101.7, ais conipared with results 93.7, 87.6, and

Talble I gives tihe efi'ien'h f ' :t of .i',, o' tinnuni single-srder 101.7 olitainird from tine first 32 ordner statisthics, 93.3, 87.8,

statistic (the kth) ih iia utnbiaLsedl estimator of the st'ale a1n1 10.3 ibtainisl fromn all 40 oi).nsirvations, mind the true

piiramielter of li .-ne-p)ar:uietttr i'xiloli('nitll diistrihutiot a l poplihon itili piirialnttttr of I(W.
fnron the first in order statistic•s (if a salipile (if ,size itn - Now vnisider the snunlic data tranisforinied to datta front

21(1)40], anll tile relative efficienil'cy of the one-ordler anl (Atrelie-valtle distribution with scal' pararneterb = 0.5
statisti esltiliitaor s m• witinnil ith the in order statisthi by Ittkinng nartirl loxarillinms.
etr.inuator. It is 14 i'aondlenisedl extension (if the similar table
for it = 1 (1)2.0 given by Moore and Harler J3], which als 1.-61P :i 497 Mrs .'M 4.174 4 407 4.-W2.5 4.736 4 9.%

" 2.3491 3 526 4 i40ii 4 174 4.443 4.62;i5 4.754 4 t 6
inc'ludes• 'olunins giv'ing• the varii.i of ti; twoi esi- ?. X1; 1 3 -%K4 4.*OR11 4 UN) 4 ý50W1 4.fiG 4.762 5 017
ealtors. These columns have been omitted front Table I to 3. 4W :1 41,9 4. 111 4 201) 4 5:t2 4 67:1 4. NA ) 06.W" i- "3I;:.466 4 11117 A 159 4 . Z.10 4.ý5V' 4 7#36 4. 9M 5 273
save space, which can hei- done without loss of infornmation, ..... 4... 7.............. .. . .. 4.... .. ... 2

since the varian.e of tit(e tit oriler statistic eist inator is Using tine same tabulr vahnes, one find. by substituting in
simply 1 .'nt and4 that oif omne-order stalistie es-tinlator ('alt U,
be foundl hy dividling 1 ii by the relative efficiency. The (3) and (6) that the point estinate of the oxatoni para-li-

eter of the extremne-value distribution is 0.5 Inn 0-.W-4-4 +
two tables call also) be used to obtaain votsistelit one-order 4.754 = 4.531, the 80 percent lower confidenlce hountd is
statistic estinnators of the 5,1,al parnieter of it two- 0.5 Il 0.553447 + 4.754 = 4.458, mid the 80 percent upper

parameter Weibull (listributhion with knowin shape parani- Lontldelce bound is 0.5 In 0.768717 + 4.754 4.623, wi

eter aid oif the location paratmeter of an extreme-value eompal with results 111 4.541, 4.474, and 4.624 base-d

distribution with known sc'ale Iaratnelter, together with o f it restlts tics, 4.5X, a1d4.6, bi d

theiron th lirst ;2 order statistic., 4.3417, 4.476, and 4.610 m
theireapl~rinatiet 1114' Iell ortfel' stat ~stn sinatoai4. -lar'te- |based oti all 40 ob6ervations, aid lith true populationerro rs) rela tiv e to th e( ti t o rd er .:. a t i sth . estin ma to rs '. H ar te r p r m t r o . 0 = ) 0 )
[4! hias tabulat! ofldIKfftiien(tt of olpt hontn order si 1tist.its til ;larneter of 4.i1n0 ( In II)).

exa'ct iplpr and lower 'onlhidl'' hiouunds, laL.•dil oll one- l{ESE--EcC-
order statistic, for the s•alle ilararniitdr of a oint-paramneter Ill iI. L. Ilarter awd A. If. Mio•re, "A tiote on efiimstmni from a
exponential distributiolln. Thtese inav also Ite isedl to Abtain type I extreme-valne hstnribitioin," ac-epted for pniffication ill

exact (,olifid'elee hilio|ds. bast-l (oit one-(irder statistic, for 121 Ii. L. liarter, -E-iinlsting tile parinieters of igiative ex.
the sicale par:utieler of a two-paranieter Weiltill distrinu- ponieintial m)npuilizvtioni froin lie r thf o orl4i sktiLtict-.," An1n.

.lIah. Mal., vol. 32, pp. 1`7-1.4I0I, IM'enmber 1961.
tioni with kniown shallpe parameter aird for the location 13l .A, Ii. Moinre and If. L. lirter, "-)0tioorder sittitic estimation

parameter of an extrenie-value (listribution with known oi thl, sta'ie |lirameters of Weibull pinl)ptitions,' IEEE Train.On Rliablityd•, val. 1H-14, pp, IliO-lit, Oc•tober 1965.
scale paranneter. 141 11. L. tharteir, 'Exavt enistiden' boulidiai, Inaeon tiltle o tinder

.Ais ani examinple of tine pr-eviously nientioned use.t of tAtitstir, for the piarameter of an esixitientinal pp•ltdlltion,"
Trchnonelrws, vol. 6, pp. 31 1-317, Aigulist 1964.

Table I and related tables, oonsider the following tabula- 151 If. I.. ilarter imnd A. il. uotr. "point and interval iwtimaltr•,

tioin of data (ohbserved faihire t~i.ne in hour,) resulting ha'"d olii Mi otler Lzti•tiw,' for theSMC parurunt ot a W"eiuln
popillation with known shape- paraine'•r." TerAauislr"c.,

froni a sitnulatell life< test oi forty vornlionienis: vol. 7, pp. 41"-4212, Auguilt 1165.
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Ii ASSTRACT

MTis paper derives a one-order statistic estimator U b for the location of
the (first) extreme-value distributjon of smalle t values '%ith cuwmlative distri-
bution function F(x;u~b) - 1 - exn -exp[(x-u)/b] using tne minimui-variance wi-
biased one-order statistic estimator for the scale parameter of an exponential
distributioa, as was done in an earlier paper for the scale parameter of a Weibull
distribution. It is shOm that exact confidence botuns, based on one-order statisti ,

can be easily derived for the location parameter of the extreme-value distribution
and for the scale parameter of the Weibull distributim, using exact confidence
bo•uds for the scale parmeter of the exponential distribution. The estimator for u
is shown to be b in c, .+ is rtae mt order statistic froii an ordered sanple of
size n from the extreme -vaue distribution with scale parmreter b and cm is the
coefficient for a ome-order statistic estimator of the scale parameter oFan ex-
ponential distribution. Values of the factor c., which have previously been tab-
ulated for n - (l1) Z), are given for n - 21(1)40. The ratios of the mean-square-
erzors of the ma-axvn=-likelihood estimators based on i order statistics to those of
the one-order statistic estimators for the location paraneter of the extreve-value
distribution and the scale parameter of the Weibull distribution are investigated
by 4onte Carlo methods. The use of the table and related tables is discussed and
illustrated by numerical examIpes.
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